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Recent applications of a new methodology to measure fundamental traffic relations on freeways
shows that many of the critical parameters of the flow-density and speed-spacing diagrams depend
on vehicle length. In response to this fact, we present in this work a generalization of the Prigogine-
Herman traffic equation for aggressive drivers which takes into account the fact that vehicles are
not point-like objects but have an effective length. Our approach is similar to that introduced by
Enskog for dense gases and provides the construction of fundamental diagrams which are in excellent
agreement with empirical traffic data.
Since the pioneering studies of Greenshields [1] at the
beginning of the last century, fundamental diagram has
attracted the attention of the scientific community be-
cause it gives a good insight of traffic conditions. For
example, some interesting phenomena as traffic break-
down and jam propagation were addressed through the
data obtained from flow-density fundamental diagrams
[2]. As pointed out in the literature, there are many fac-
tors influencing the aspect of the fundamental diagram,
e.g., road characteristics, vehicle composition, lighting
conditions and wheather conditions. Despite all com-
plexity, fundamental diagrams must satisfy the following
basic requeriments [3, 4]: (i) the mean vehicular speed
v¯ satisfy the condition 0 ≤ v¯ ≤ v¯f , where v¯f is the free
flow speed; (ii) the traffic density ρ satisfy the condition
0 ≤ ρ ≤ ρj, where ρj is the jam (or maximum) density;
(iii) when the density goes to zero, the mean vehicular
speed approaches the free flow velocity; (iv) at the jam
density, vehicles stop moving so that the mean vehicular
speed vanishes; (v) as the density increases, the mean
vehicular speed decreases, i.e., dv¯/dρ < 0 for 0 < ρ ≤ ρj;
(vi) the traffic flow Q = ρv¯ is strictly concave, so that
d2Q/dρ2 < 0 and (vii) there exists a maximum flow Q0
which assures the existence of a critical density ρc and
a critical mean speed v¯c such that Q0 = ρcv¯c. It is im-
portant to mention that the critical density separates the
fundamental diagram into two regions, namely: free flow
region and congestion region. The free flow region is
characterized by ρ < ρc with dQ/dρ > 0, while the con-
gestion region is defined by the conditions ρ > ρc and
dQ/dρ < 0.
Recently, Coifman [5, 6] introduces a new method-
ology to measure fundamental diagrams on freeways
which eliminates the search for stationary conditions and
provides a new level of accurancy to calibrate macro-
scopic and microscopic traffic models. After applying his
method to three independent data set, Coifman found
out that many of the critical parameters (e.g., the crit-
ical density and the slope of the congested regime w =
(dQ/dρ)ρ=ρc) appearing on the flow-density fundamen-
tal diagram depend on vehicle length. Thus, Coifman’s
results indicate that traffic flow models must be updated
in order to take into account the length of the vehicles.
In this letter, we address this problem by considering the
derivation of the fundamental diagram from a mesoscopic
point of view, i.e., we start from the gas-kinetic-like traf-
fic equation [7, 8]
∂f
∂t
+ v
∂f
∂x
= −
f − f0
τ
+ I(f, f), (1)
where f = f(x, v, t) denotes the distribution function.
The distribution function is defined in such a way that
f(x, v, t)dxdv gives the number of vehicles at time t with
position around x and velocity around v. The first term
on the right-hand side of the kinetic traffic equation (1)
describes the relaxation of the distribution function to
a desired distribution f0 = f0(x, v, t) on a time scale τ ,
while the second one is the so-called interaction term.
By assuming that vehicles are not point-like objects but
have a length ℓ and also require a safety distance vτv,
where τv denotes drivers reaction time, it is possible to
write the interaction term as
I(f, f) =
∫
∞
v
χ(1− p)(v′ − v)f(x+ s(v′), v, t)f(x, v′, t)dv′ −
∫
v
0
χ(1 − p)(v − v′)f(x, v, t)f(x+ s(v), v′, t)dv′, (2)
where s(v) = ℓ + vτv represents the effective length of a vehicle moving with velocity v, p denotes the overtaking
2probability and χ is a factor describing the increase in
the interaction rate due to the spatial extension of the
vehicles. Following Prigogine and Herman [7], we assume
that the overtaking probability p and the relaxation time
τ are given by p = 1 − z and τ = τ0 (1 − p)/p, where
z = ρ/ρj = ρℓ is the so-called reduced density and τ0 is
a proportionality constant. The factor χ is given by the
expression χ = (1− (z+Qτv))
−1 which follows by taking
into account the mean effective length s(v¯) = ℓ + v¯ τv
common to two vehicles at the interaction process. Note
that the factor χ is equal to unity for dilute traffic and
increases with increasing density, becoming infinity when
the density reaches the jam density [9].
The construction of the fundamental diagram starts by
considering the homogeneous and stationary solution of
our gas-kinetic-like traffic equation, namely:
f =
f0
1− γv¯ + γv
, (3)
where γ = ρχ(1 − p)τ . The above non-linear equation
has two types of solutions corresponding to individual
and collective flow patterns. Conditions determining the
occurrence of both patterns were discussed in detail by
Prigogine and Herman. To go further, let us consider the
gamma distribution
f0 =
α
Γ (α)
ρ
v¯0
(
αv
v¯0
)α−1
exp
(
−
αv
v¯0
)
, (4)
where α > 1 is the shape parameter and v¯0 denotes the
mean desired velocity. According to Velasco and Mar-
ques Jr. [10], the behavior of aggressive drivers can be
described by a gamma distribution with a shape param-
eter which is directly connected with driver’s aggressive-
ness. Note that the gamma distribution reduces to the
exponential distribution when we set the shape param-
eter equal to one. The normalization condition for the
homogeneous and stationary solution (3) can be written
as
ρ =
∫
∞
0
f0
σ + γv
dv, (5)
where σ = 1− γv¯. Based on the expressions for χ, p and
τ , we verify that σ = 1 in the limit of vanishing density
and may becomes negative at high density values. Since
σ cannot be negative, one can define a critical density ρc
which determines the transition between individual and
collective regimes. In the case of a gamma distribution,
the critical density satisfies the condition
βz3
c
−
α
α− 1
(1− zc)(1 − zc −Q0τv) = 0, (6)
where β = v¯0τ0/ℓ > 0 is a dimensionless parameter.
In the collective regime, where the relation v¯ = γ−1
holds, traffic flow follows the collective flow curve
Q=Q0
(1−z)2
(1−z)Q0τv +(z/zc)
2(1−zc)(1−zc−Q0τv)
(7)
which is independent of the shape parameter. This result
reflects the fact that, at high densities, drivers abandon
their individual characteristics and begin to follow the
collective behavior of the system. Once critical traffic
conditions are known, the slope w = (dQ/dρ)ρ=ρc of the
fundamental diagram can be used to determine drivers
reaction time τv in the collective regime.
TABLE I. Traffic and model parameters
18-22 ft 22-28 ft 28-38 ft 58-68 ft
ℓ(ft) 20 25 33 63
Q0 (veh/h) 2350 2120 1525 1170
ρc (veh/mi) 48.4 39.5 35.1 25.6
w (mi/h) -14.9 -16.6 -17.4 -26.9
τv (s) 1.21 1.34 1.73 1.99
In the individual (or low-density) regime, we find that
driver’s aggressive behavior reaches its magnitude since
traffic flow depends on the shape parameter. In this case,
normalization condition (5) defines a function γ(σ) which
can be used to obtain the individual flow curve. Fig. 1
shows the ratio γ/γc (where γc = v¯
−1
0
α/(α − 1) denotes
the value of γ at the critical point) as a function of σ
for the gamma distribution. The curves displayed in this
figure are for the cases: α = 120 (solid line) and α = 3
(dashed line). The linear behavior of the solid curve is
quite evident and it allows us to write γ = (1 − σ)/v¯0
for the case α ≫ 1. Here, it is important to mention
that the application of well-known solution methods of
gas-kinetic theory to the Boltzmann-like traffic equation
for aggressive drivers [11] allows to identify the inverse
of the shape parameter as the prefactor of the velocity
variance. Experimental data reported in the literature [3]
show that the prefactor of the velocity variance is almost
constant at the low-density region and they can be used
to set values for the shape parameter. Thus, we can see
that the case α = 120 is in agreement with empirical
traffic data and traffic flow, in the individual regime, is
given by the linear relation Q = ρv¯0.
Figures 2 and 3 compare the theoretical flow-
density and speed-spacing curves derived from our
non-local Prigogine-Herman traffic equation with the
empirical traffic data of Coifman for different ve-
hicle length bins. Coifman’s empirical traffic data
[5, 6] follows by applying the single vehicle pas-
sage (svp) method to a primary data set which
were collected from a two miles section of the I-80
(in the East Bay portion of the San Francisco Bay area)
by using Berkeley Highway Laboratory detector system.
Regarding the theoretical results, they follow from our
individual and collective flow curves by using traffic and
model parameters given in Table I. In this table, the
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FIG. 1. γ/γc as a function of σ in the individual regime for
the cases: α = 120 (solid line) and α = 3 (dashed line).
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FIG. 2. The flow-density curve for different vehicle lengths:
solid lines represent the theoretical predictions derived from
the non-local Prigogine-Herman traffic equation for a gamma
distribution, while the dots reprensent the empirical traffic
data of Coifman.
values of the critical density, flow capacity and slope
of the flow-density curve in the collective regime were
taken from Coifman’s traffic data. Besides, we take the
length of vehicles as mean length value in each length
bin, while drivers reaction time in collective regime were
obtained, as pointed out previously, from the slope of the
flow-density diagram. One can verify that the agreement
between experimental data and theoretical predictions
is really impressive, even for long vehicles where curves
show more scatter than for shorter vehicles. Such scatter
event in empirical traffic data occur because there are
fewer long vehicles on the highway than shorter ones.
In conclusion, we show in this letter that a non-local
version of the Prigogine-Herman kinetic traffic equation
for aggressive drivers can be used to describe properly the
dependence of the fundamental diagrams on the length
of the vehicles. Since such diagrams are central to most
traffic flow models, we are quite sure that our mesoscopic
description represents an important contribution to the
understanding of some interesting phenomena as traffic
breakdown and jam propagation. The present successful
comparison between theory and experiments marks a
step towards a construction of a fundamental diagram
for a multi-class traffic flow. In this case, modifications
must be introduced in order to include different types of
vehicles having different lengths and safety distances. For
each vehicle class, one can assign a desired distribution
function which, together with the fractions of vehicles of
each class, will govern the transition from individual to
collective flow.
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FIG. 3. The speed-spacing curve for different vehicle lengths:
solid lines represent the theoretical predictions derived from
the non-local Prigogine-Herman traffic equation for a gamma
distribution, while the dots reprensent the empirical traffic
data of Coifman.
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